
AIAA JOURNAL

Vol. 36, No. 8, August 1998

Luminescent Oil-Film Skin-Friction Meter

Tianshu Liu¤ and J. P. Sullivan†

Purdue University, West Lafayette, Indiana 47906

The principles of a luminescent oil-� lm skin-friction meter are described. Unlike the interferometric oil-� lm
methods, this technique measures skin friction by detecting luminescent intensity of an oil � lm seeded with lumi-
nescent probe molecules. The measurement system for luminescence imaging is simple and easy to use, and this
technique requires no special surface. The feasibility of this method is examined by applying it to several typical
� ows.

Introduction

S KIN friction is one of the most important physical quantities in
aerodynamics.For severaldecades,a varietyof techniqueshave

been developed for measurement of skin friction. Comprehensive
reviewsof the techniquesofmeasurementof skin frictionweregiven
by Winter1 and Settles.2 Of many existing techniques, the oil-� lm
skin-friction meter invented by Tanner and Blows3 is particularly
attractivebecause it does not depend on � ow characteristics.Tanner
andBlows studiedthemotionof an oil � lm on a surface in shear � ow
and � rst realized that skin friction can be determined by detecting
temporal-spatialevolution of the thicknessof a thin oil � lm. In their
papers, a laser interferometer was used to measure the thickness
of a thin oil � lm. The laser interferometerwas further improved by
MonsonandHiguchi4 andKim andSettles.5 The image-basedglobal
interferometer was developed by Monson et al.,6 Naughton and
Brown,7 and Zilliac.8 In addition to these interferometric methods,
Bandyopadhyayand Weinstein9 developeda re� ection-typeoil-� lm
meter.

This paper describes a luminescent oil-� lm skin-friction meter
and its application to several typical � ows. This techniqueutilizes a
luminescentoil and determines the rate of change of the thicknessof
the oil � lm by sensing its luminescentemission. Compared with the
interferometers, this method simpli� es instrumentation and elimi-
nates the requirementof a special surface.Becausethemeasurement
system for luminescence is robust and easy to use, this technique
can be applied to any model surface in various aerodynamicexperi-
ments including� ight testing. It is noted that some researchershave
used luminescent oils for visualizationof boundary-layertransition
and � ow separation.10;11

Fundamentals of Luminescent Oil-Film Method
Local Dynamics of an Oil Film

Tanner and Blows3 presented a control volume analysis of a thin
oil � lm on a smooth surface subject to the action of shear stress. For
a constant local shearstress, they obtaineda simple relationbetween
oil-� lm thickness h and skin friction ¿ :

¿ D ¹x=ht .1/

where ¹ is the oil viscosity, t is the time from starting the � ow,
and x is the coordinate from the oil leading edge in the local shear
stressdirection.The formula (1) is commonlyused as a fundamental
relation for an oil-� lm skin-frictionmeter. In fact, Eq. (1) describes
an intermediate asymptotic state of the evolution of an oil � lm,
where shear stress is so dominant that other forces, such as pressure
gradient, surface tension, and gravity, can be neglected.
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The development of a two-dimensional oil droplet (� lm) sub-
jected to a constant shear stress on a wall in gas � ow is described
by the generalized Landau–Levich equation (see Appendix A)
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where ¾ is the surface tension and pgas is the local pressure in gas
� ow. The � rst, second, and third terms on the right-hand side of
Eq. (2) represent the contributions of shear stress, pressure gradi-
ent, and surface tension, respectively.Considering an intermediate
asymptotic state in which the solution to Eq. (2) no longer depends
on the initial and boundary conditions,12 we obtain
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Obviously, Eq. (1) is a special form of Eq. (3) when h@pgas=@x is
neglected. In this study, we utilize another version of Eq. (1),
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Because the formula (4) contains only the temporal and spatial
derivatives of h, it avoids determining the error-introducing vari-
ables x (the distance to the oil leading edge) and t (the starting
time).

Determination of Skin Friction by Detecting Luminescent Intensity
The oil-� lm skin-frictionmeters involvemeasurementsof the oil-

� lm thickness and its temporal and spatial derivatives. Instead of
interferometers used in most of the previous studies, a luminescent
oil-� lm system is used. A luminescent oil is made by adding lumi-
nescent probe molecules to silicone oil. Under excitation provided
by an illumination source with a suitable wavelength ¸1, such as a
ultraviolet(uv) lampor a laser, the luminescentoil canemit radiation
with a longerwavelength¸2 due to the Stokes shift. Because the oil-
� lm thicknessis proportionalto luminescentintensitywhen the � lm
is thin, the � lm thicknesscan be measured by detecting luminescent
intensity. Driscoll et al.13 have measured liquid � lm thickness in an
airblast fuel atomizer by laser-induced luminescence.

For a luminescent oil � lm on a wall, an analysis of radiation
transfer from the oil � lm gives an expression for the integrated
luminescent intensity hI¸2 i across the oil � lm (see Appendix B):

I¸2 D I0´ exp[¡.·1 C ·2/h][F.h; ·1 C ·2/ C ½r F .h; ·2 ¡ ·1/]
(5)

where h is the oil-� lm thickness,´ is a constant proportional to the
quantumef� ciencyof the luminescentmolecule, I0 is the intensityof
the incident excitation light, ½r is the re� ectivity of the wall surface
to the incident excitation light, and ·1 and ·2 are the absorption
coef� cients for the excitation light and luminescent light through
the oil � lm, respectively. The function F.³; a/ in Eq. (5) is given
by F .³; a/ D a¡1[exp.a³ / ¡ 1]. Here the luminescent intensity is
de� ned as radiative energy transferred per unit time, solid angle,
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spectral variable, and area normal to the ray. When h ¿ 1, Eq. (5)
becomes

I¸2 D I0´.1 C ½r /h C o.h/ .6/

Substitution of Eq. (6) into Eq. (4) yields
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where I denotes hI¸2 i in a simpli� ed notation and C is de� ned
as C D ¹I0´.1 C ½r /. The formula (7) is an operational form of
calibration relation for a luminescent oil-� lm skin-friction meter.
The coef� cient C depends on the illumination intensity, physical
properties of the luminescent oil, and surface scattering properties.
In general, " is a small quantity of O.h/. When h is small enough
and " can be neglected,Eq. (7) is simply ¿ D C¯ , where ¯ is de� ned
as ¯ D d=dt.dI=dx/¡1 . In the data reduction, the linear regression
is used to calculate .1x=1I /=1t .

In principle, the luminescent intensity I can be calibrateda priori
as a function of h, and therefore the absolute value of skin fric-
tion can be calculated using the formula (4). However, the a priori
calibration requires other independent techniques for measuring h.
In practice, the in situ method is used as a convenient alternative,
which determinesthe coef� cients C and " in Eq. (7) by using known
skin-frictiondata at two reference locations.The reference data are
provided by other techniques such as the Preston-tube and laser in-
terferometer skin-frictionmeter. Once C and " are given, the skin-
friction distribution can be calculated from luminescent intensity
images. In particular, for " ¼ 0, the absolute skin friction needs to
be known at only one reference location to obtain the skin-friction
distribution.

Measurement System
Luminescent Oil

To make a luminescent oil, 0.2 g of powder of europium thenoyl-
tri� uoroacetonate (EuTTA, Kodak) is dissolved into 1 ml of dope
thinner (AeroGloss, Pactra, Inc.). Next, the dope thinner contain-
ing EuTTA is mixed with 20 ml of Dow Corning 200 silicone oil
with 200-cS viscosity. After the solvent dope thinner evaporates in
a short time, EuTTA molecules are homogeneously distributed in
the silicone oil. The resulting luminescent oil, a nearly clear � uid
in the absence of excitation, emits red radiation at 612 nm when
illuminated by a uv lamp. EuTTA is chosen as a luminescent ma-
terial because it has a high quantum ef� ciency. In this study, the
temperature sensitivity of EuTTA is not a concern in low-speed
� ows with a constant temperature. In fact, the temperature effect
on luminescence can partially offset the temperature effect on oil
viscosity.

Photodetector System
The charge-coupleddevice (CCD) camera system for a lumines-

cent oil � lm is similar to that used for temperature- and pressure-
sensitive paints.14 ;15 Figure 1 shows the measurement system for
a luminescent oil � lm. A luminescent oil � lm applied to a surface
is excited by a light source with a suitable wavelength. The lu-
minescent intensity images of the oil � lm captured by the camera
are optically � ltered to eliminate illumination light. The images are

Fig. 1 CCD camera system for a luminescent oil � lm.

recorded on tape and are later digitized with a frame grabber board
for data processing. The temporal-spatial development of the oil
� lm can be studied by analyzing the successive images because the
oil-� lm thickness is proportional to the luminescent intensity. With
this information, skin friction can be calculated. The measurement
system used here includes an eight-bit standard CCD camera for
imaging and uv lamps for illumination.

Accuracy
The accuracy of a luminescent oil-� lm skin-friction meter de-

pendsonvariouserror sources.The elementalerror sourcesin an oil-
� lm interferometerskin-frictionmeter have been studiedby Zilliac8

and Naughton and Brown.16 Many of these error sources also con-
tribute to the uncertainty associated with the luminescent oil-� lm
skin-friction meter. The rss procedure for Eq. (7) gives the relative
uncertainty of skin friction

U 2
¿

¿ 2
D

U 2
c

C 2
C

U 2
1t

.1t/2
C

U 2
1x

.1x/2
C

U 2
1 I

.1I /2
C

U 2
DR

¿ 2
.8/

where UX =X denotes the relative uncertaintyof the measured vari-
able X and UDR=¿ is the relative uncertainty in the data reduction.
Without loss of generality, the variable " in Eq. (7) is neglected in
Eq. (8). The uncertainty U includes the bias error B and the pre-
cision error P .U 2 D B2 C P2/. The error sources can be classi� ed
into three categories: calibration, data acquisition, and data reduc-
tion. The following sections will discuss the errors in Eq. (8) and
estimate the upper limit of the total uncertainty.

Calibration Errors
The term Uc=C in Eq. (8) represents the calibration error in de-

terminationof the coef� cient C . In the a priori calibration, this term
includestheuncertaintiesin measuringthe oil viscosityand calibrat-
ing the luminescent intensity as a function of the oil-� lm thickness.
In the in situ calibration, this term is simply the relative uncertainty
of the techniqueused for measurementsof skin friction at reference
locations.For example, when a Preston tube is utilized in the in situ
calibration,Uc=C is the uncertaintyassociatedwith the Preston-tube
method.

Data-Acquisition Errors
The termsU1t=1t ,U1x =1x , andU1 I =1I in Eq. (8)belong in the

data-acquisitionerrors. The � rst two terms, U1t=1t and U1x =1x ,
aredirectlyrelatedto the temporalandspatialresolutionsof theCCD
camera, whereas U1 I =1I contains the contributions from many
error sources in luminescent intensity measurement. The quantities
1t and 1x represent the characteristicscales in time and space for
the developmentof an oil � lm. The temporal scale1t may vary from
seconds to minutes, depending on the magnitudes of skin friction
and oil viscosity. In the data reduction, a good linear regression
requires a certain number of data points in appropriately large 1t
and 1x . Therefore, there are the minimum temporal scale .1t/min
and spatialscale .1x/min for the linear regression.Typicalvaluesare
.1t/min D 10 s and .1x/min D 10 pixels for a standardCCD camera
system with the time resolution of 0.033 s and spatial resolution of
512£ 480 pixels. In this case, U1t=1t is 0.33% and U1x=1x is
10%.

The term U1 I =1I represents the relative uncertainty in the lu-
minescent intensity measurement with a CCD camera. Uncertainty
estimatesfor the luminescentpaint intensitymeasurementwith CCD
cameras have been discussed by Morris et al.17 and Cattafesta and
Moore.18 The error sources include the randomillumination� uctua-
tion (P), systematic illuminationdrift (B), nonuniform illumination
(B), shot noise (P), preampli� er noise (P), dark current (P), CCD
nonlinearity (B), digitizer bias (B), ambient light (B), and optical
leakingof camera � lter (B), where B and P indicate the bias and pre-
cision errors, respectively. The precision errors can be reduced by
averaging sequential frames of images in a short duration.Based on
the uncertainty estimates for an eight-bit standard CCD camera,18

we obtain an estimate U1 I =1I D 9:2% for 1I D 50 in a full inten-
sity rangeof 256after30 framesof imagesare averagedto reduce the
randomerrors.In contrast,a 14-bit,scienti� c-gradeCCD camerahas
much smaller uncertainty U1 I =1I D 1:4% in the same conditions.
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Generally, the luminescent intensity measurement is shot noise
limited.

The nonuniformillumination and temperature dependenceof lu-
minescence also contribute to U1 I =1I . The effect of the nonuni-
form illumination can be corrected by taking the ratio between
the luminescent emissions from the oil � lm and reference lu-
minescent indicators with a different emission wavelength. This
is similar to the two-color luminophore method for temperature-
and pressure-sensitive paints.14 Temperature affects both the oil
viscosity and luminescence. The temperature dependence of the
oil viscosity is described by ¹.T / D ¹.Tref/ exp[¡C¹.T ¡ Tref/],
where Tref is the reference temperature. The temperature depen-
dence of the luminescent intensity has a similar expression, I .T / D
I .Tref/ exp[¡C I .T ¡ Tref/], in a certain temperature range. Interest-
ingly, the temperature effects on the oil viscosity and luminescence
partially cancel. Usually, the temperature effects are not considered
when the relativeskin friction is calculatedin isothermalconditions.

Data-Reduction Errors
The term UDR=¿ is mainly associatedwith the validity of the for-

mula (1) that is the intermediate asymptotic solution of Eq. (2). The
intermediate asymptotic state may be reached in a region between
the oil leading and trailing edges after an onset period. Clearly, the
effects of the pressure gradient, shear gradient, and surface ten-
sion are ignored in Eq. (1). Zilliac8 has estimated the errors due to
neglecting the pressure and shear gradients. The pressure gradient
causes 0.14% change of skin friction. The shear gradient leads to
the uncertaintyranging from 0 to 20%. The surface tension term is a
higher-ordersmall quantity, and its effect is appreciableonly at the
oil leading and trailing edges. A more complicated phenomenon is
the surface wave on the oil � lm.19 In our experiments, the surface
wave is indeed observed in a short period of seconds after the wind
tunnel starts. Because the surface wave disappearsquickly as the oil
� lm thins, it does not affect the data reduction.

Total Uncertainty
Considering the aforementionedmajor error sources,we give the

upper limit of the total uncertainty in the worst case for a standard
CCD camera system:

U 2
¿ ¿ 2 < U 2

c C 2
max

C .0:24/2 .9/

The large uncertainty bound in Eq. (9) is attributed to not only
the poor spatial resolution and low signal-to-noise ratio of a stan-
dard CCD camera but also the simple data-reduction model (1)
that neglects the shear gradient and other effects. The accuracy can
be signi� cantly improved using a scienti� c-grade CCD camera for
imaging and completely solving the thin-oil-� lm differential equa-
tion for data reduction.

In addition, the repeatability in luminescent oil-� lm skin-friction
measurements can be estimated by repetition tests in a � at plate
turbulent boundary layer. The repeatability re� ects the uncertainty
associated with the random errors. Figure 2 shows a histogram of
measurements compared with the Gaussian distribution. The data

Fig. 2 Histogram of measurements in a � at plate turbulent boundary
layer.

are collectedin the repetitiontestsoverseveraldays in a skin-friction
range from 0.15 to 0.7 N/m2. The standarddeviation is 0.028 N/m2,
and the mean repeatability is about 7%.

Experiments
Oil Wedge

To examine the relation between the oil thickness and lumines-
cent intensity, an oil wedge test was devised. As shown in Fig. 3, a
simple setup has a thin glass plate inclined with respect to the wall
using a razor to form an oil wedge. In general, the virtual leading
edge of the oil wedge is not located at the lower end of the glass
plate. The virtual leading edge should be determined by extrapo-
lating the linear portion of the luminescent intensity distribution.
Figure 4 shows typical results for the luminescent Dow Corning
200 siliconeoil on white Mylar® and aluminum surfaces.A curve� t
to the experimental data using Eq. (5) is also shown in Fig. 4. The
luminescentintensitydistributionsexhibita linearbehaviorwith the
oil thickness for h < 90 ¹m.

Turbulent Boundary Layer on a Flat Plate
The turbulent boundary layer on a � at plate serves as a canonical

� ow to examine the feasibility of the luminescent oil-� lm skin-
frictionmeter.Experimentsare carriedout in a blowdown low-speed
wind tunnel with a 0:46£ 0:3 m test section at Purdue University.
The Plexiglas® � at plate has a 1:6 elliptical nose and a 12.7-mm
thickness.A 3.2-mm-thickand 73-mm-widealuminumplate is � ush
mounted at the centerline on the plate. A roughness band and a
1.6-mm-diam round rod are placed near the leading edge of the
plate to trip the boundary layer. The measured velocity pro� les in
the boundary layer shown in Fig. 5 exhibit the log-law form at
0.4 m from the plate leading edge for several different freestream
velocities. This indicates that the tripped boundary layer is fully
turbulent at this location. A luminescent oil droplet of about 5-mm
diamisplacedat this locationon thealuminumsurface,anda Preston
tube is also installed at the same streamwise location for reference
skin-frictionmeasurement.The calibrationformulagivenby Patel20

is used for the Preston-tube measurement.
The temporal-spatial evolution of the luminescent oil droplet is

detected by a CCD camera. Figure 6 shows a developing sequence
of luminescent intensity distributionsof the oil droplet on the plate
subject to a shear stress of 0.49 N/m2. Because the luminescent in-
tensity I is proportional to the oil-� lm thickness h, Fig. 6 depicts
the three-dimensional geometric evolution of the oil droplet in the
� at plate turbulent boundary layer. After the wind tunnel starts, a

Fig. 3 Oil wedge setup.

Fig. 4 Relation between oil thickness and luminescent intensity.
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Fig. 5 Velocity pro� les at 0.4 m from the leading edge in a tripped � at
plate turbulent boundary layer.

Fig. 6 Evolution of an oil droplet in a � at plate turbulent boundary
layer under the action of shear stress of 0.49 N/m2. The luminescent
intensity is proportional to the oil-� lm thickness.

wedge forms near the oil leading edge, whose angle decreases as
time increases. An oil crest near the moving trailing edge appears
as a result of oil accumulation. Figure 7 shows the corresponding
luminescent intensity pro� les at the centerline of the oil droplet.
It is found that the intensity pro� les are linear only in a limited
region. The nonlinear behavior is attributed to a fact that the inter-
mediate asymptotic state is not completely achieved in the whole
domain of the oil droplet. However, the linear relationshipbetween
I and x is approximately valid in the region immediately after the
oil leading edge. In this region, the gradient dI=dx can be eval-
uated using the linear regression. Figure 8 shows .dI=dx/¡1 as a
linear function of t for different values of skin friction. Using the
linear regressionagain, we calculate the rate of change of the recip-
rocal luminescent intensity gradient ¯ D d=dt.dI=dx/¡1 . Figure 9
shows ¯ D d=dt.dI=dx/¡1 as a function of skin friction, where the
absolute values of skin friction are obtained using a Preston tube.
The data in Fig. 9 verify the fundamental relation (7). The bound-
ary layer is assumed to be fully turbulent from the plate leading

Fig. 7 Luminescent intensity pro� les at the centerline of an oil droplet
at different times under the action of shear stress of 0.49 N/m2 .

Fig. 8 Reciprocal luminescent intensity gradient as a function of time
for different values of skin friction.

Fig. 9 ¯ = d/dt(dI/dx)¡ 1 as a function of skin friction.

edge due to the tripping. The skin-friction coef� cients calculated
for different Reynolds numbers are plotted in Fig. 10 against two
empiricalcorrelationsgiven by Prandtl and Nikuradse(see Ref. 21).
The measured data fall between these correlations.In Fig. 10, Rex is
the Reynolds number based on the distance x from the plate leading
edge. Considering the estimates of the elemental errors, we give the
total uncertaintyof 12% for the measurementsof skin friction in the
� at plate turbulent boundary layer.
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Fig. 10 Skin-friction coef� cient on a � at plate as a function of the
Reynolds number based on the distance from the plate leading edge.
The boundary layer is assumed to be fully turbulent from the leading
edge.

Fig. 11 Chordwise distribution of skin friction on a NACA 0012 airfoil
model for Rec = 2:4 ££ 105 at zero angle of attack.

NACA Airfoils
Skin-friction measurements at low Reynolds numbers are made

on NACA 0012 and NACA 654-021 airfoil sections. The NACA
0012 airfoil with a 0.2-m chord is made of aluminum. The
Styrofoam® NACA 654-021 airfoil with a 0.15-m chord is covered
by aluminum foil on its surface. Experiments are made in the same
low-speed wind tunnel used for the � at plate tests. Before the wind
tunnel starts, an obliqueoil strip is brushedon the surface across the
airfoil. After the � ow is started, the developmentof the luminescent
oil strip, which is dominated by local shear stress, is detected by a
CCD camera. The aforementioneddata reduction procedure is used
to obtain ¯ D d=dt.dI=dx/¡1, which is proportionalto skin friction.
In the in situ calibration to determine the coef� cients C and " in
Eq. (7), a computational � uid dynamics code XFOIL for the analy-
sis of subsonicairfoilsis used,which canprovidegoodpredictionfor
skin friction at least in a laminar boundary layer on an airfoil.22 As
long as reliable skin-frictiondata are given at a number of reference
locations (¸2) in the laminar region, the chordwise skin-friction
distributionon the whole airfoil can be obtained. Figures 11 and 12
show the chordwise distributionsof skin-friction coef� cient on the
NACA 0012 airfoil for Rec D 2:4 £ 105 and on the NACA 654-
021 airfoil for Rec D 1:7 £ 105 at zero angle of attack, respectively,
where Rec is the Reynolds number based on the chord of the airfoil
section. The in situ calibrations for Figs. 11 and 12 are made in
the laminar region from x=c D 0:1–0.35. Observed boundary-layer
transitionoccursapproximatelyat x=c D 0:8 for both airfoils,which
is consistentwith the computations.The measured skin-frictiondis-
tribution also indicates a small separation bubble before transition
on the NACA 654-021 airfoil.

Skin-friction measurements for higher Reynolds numbers are
made on a wooden NACA 663-418 airfoil section with a 0.508-m

Fig. 12 Chordwise distribution of skin friction on a NACA 654-021
airfoil model for Rec = 1:7 ££ 105 at zero angle of attack.

Fig. 13 Chordwise distribution of skin friction on the upper surface
of a NACA 663-418 airfoil model for Rec = 9:6 ££ 105 at zero angle of
attack.

chord in the Boeing/Purdue subsonic wind tunnel with a 4 £ 6 ft
closed test section. The surface of the airfoil is covered by a white
Mylar sheet whose scattering properties enhance the luminescence
detected by a camera. Figure 13 shows the chordwise skin-friction
distribution on the upper surface of the airfoil for Rec D 9:6 £ 105

at zero angle of attack.

Conclusions
A luminescent oil-� lm skin-frictionmeter measures skin friction

by sensing the temporal-spatialdevelopment of luminescent inten-
sity of an oil � lm. A luminescentoil, Dow Corning silicone oil with
EuTTA probemolecules,is utilized.A standardCCD camera is used
for detecting the luminescent emission from an oil � lm illuminated
by uv lamps. The measurement system is robust and easy to use
and does not require a special surface. This technique can provide
relative values of skin friction without a priori calibration. The ca-
pability of this instrument has been demonstrated in measurements
of skin friction in a � at plate turbulent boundary layer and � ows
over three NACA airfoils for different Reynolds numbers.

Appendix A: Oil-Film Equation
Considera two-dimensionaloil � lmona wall in gas � owunderthe

action of a constantshear stresswhen the gravity effect is neglected.
The streamwise velocity u in the thin oil � lm is

u D
y

¹
¿ ¡ dpoil

dx

³
h ¡ 1

2
y

´
.A1/

where y is the coordinate normal to the wall, h is the oil � lm thick-
ness, poil is the pressure in the oil � lm, ¹ is the oil viscosity, and ¿
is the shear stress exerted on the � lm. The continuityequation gives
the normal velocity v at the oil–gas interface:

v.y D h/ D
h3

3¹

d2 poil

dx2
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On the oil–gas interface y D h, a free-surface condition is v D
h t C uhx , and a force balance in the normal direction is ¡[p] C
[¹S ¢ n ¢ n] D ¾ hx x .1 C h2

x /
¡3=2 , where [ ] denotes the jump across

the oil–gas interface, ¹S is the viscous stress tensor, n is the unit
normal vector of the interface, and ¾ is the surface tension. When
[¹S ¢ n ¢ n] ¿ 1 and h2

x ¿ 1 are assumed for a thin oil � lm, the
force balance becomes [p] D poil ¡ pgas ¼ ¡¾ h xx . Substitution
of Eqs. (A1) and (A2) and the force balance relation into the free-
surface condition yields Eq. (2), which can reduce to the Landau–

Levich equation in the absence of the shear stress and pressure gra-
dient.

Appendix B: Radiation from a Luminescent Oil Film
Radiation from a luminescent oil � lm on a surface involves two

major processes.The � rst process is absorptionof an excitationlight
through the oil � lm. The second is luminescent radiation, which is
an absorbing-emittingprocess in the oil � lm. Luminescent intensity
emitted from the oil � lm in one direction can be determined based
on the transport equations of radiative energy.

Consider an oil � lm with a thickness h on a wall. An incident
excitation light beam with a wavelength ¸1 enters the oil � lm in
the normal direction n to the wall. Without scattering and other
sources for radiative energy, the incident light will be attenuatedby
absorption through the oil medium. The intensity attenuationof the
incident excitation light with ¸1 through an in� nitesimal element
dy can be describedby dI¸1 D ¡·I I¸1 dy, where ·1 is the absorption
coef� cient of the oil medium for the incident excitation light with
¸1, I¸1 is the intensity of the excitation light, and the direction of
the y coordinate is from the wall to the oil � lm. Here, the inten-
sity is de� ned as radiative energy transferred per unit time, solid
angle, spectral variable, and area normal to the ray. The boundary
condition for I¸1 is I¸1 .y D h/ D I0 , where I0 is the intensity of the
incidentexcitation light beforeenteringthe oil � lm. The solutionfor
I¸1 is .I¸1 /incident D I0 exp[¡·1.h ¡ y/]. This relation describes the
decay of the incident excitation light intensity through the oil � lm.
When the incident excitation light impinges on the wall surface, the
light re� ects in the direction ¡n. The re� ected excitation light is
also attenuated by absorption.The intensity of the re� ected light is
.I¸1 /re� ected D ½r I0 exp[¡·1.h C y/], where ½r is the re� ectivity of
the wall material to the excitation light. Thus, the total intensity of
the excitation light in the oil � lm is

I¸1 .y/ D I0 exp[¡·1.h ¡ y/] C ½r I0 exp[¡·1.h C y/] .B1/

After the luminescent probe molecules in the oil � lm absorb the
energy from the excitation light with a wavelength ¸1, they emit
luminescence with a longer wavelength ¸2 due to the Stokes shift.
Luminescent transfer in the oil � lm is an absorbing-emitting pro-
cess. The change of the luminescent intensity I¸2 in an in� nitesimal
element dy can be described by

dI¸2 D ¡·2 I¸2 dy C S¸2 dy .B2/

where ·2 is the absorption coef� cient of the oil medium for the lu-
minescent light with ¸2 . The luminescentsource function is de� ned
as S¸2 D ´ I¸1 .y/, where ´ is a constant proportional to the quantum
ef� ciency of a probe molecule and I¸1 .y/ is the intensityof the exci-
tation light in the oil � lm. Because there is no luminescentemission
at the wall, the boundary condition for Eq. (B2) is I¸2 .0/ D 0. The
solution to Eq. (B2) is

I¸2 D I0´ exp[¡.·1h C ·2 y/][F.y; ·1 C ·2/ C ½r F.y; ·2 ¡ ·1/]

(B3)

where F.³; a/ is de� ned as F .³; a/ D a¡1[exp.a³ /¡1]. The lumi-
nescent intensity integrated from all in� nitesimal elements across
the oil � lm is

I¸2 D dI¸2 D I0´ exp[¡.·1 C ·2/h]

£ [F .h; ·1 C ·2/ C ½r F.h; ·2 ¡ ·1/] (B4)
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